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Topological spaces and maps

opological spaces: Geometrical shapes with a concept of closeness so

-

functions can be continuous

Maps: (homotopy classes of) continuous functions

Examples: (one homotopy class R — R)
®» 2x:R— R, x— 22
0O:R— R, z2+—0

“

Circle examples:

<

o o 0

. S — St

e’ — e for each 0 < 0 < 27 in the complex plane.

ez’@ N 62@'9

|
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Homotopy
-

The set of all maps from a circle to itself [S!, S1] := 71 (S1) = Z with the
(abelian) group addition being the composition of number of times the
circle is wrapped around itself.

-
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(abelian) group addition being the composition of number of times the
circle is wrapped around itself.
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Examples:

® 1+1=2:8— 8t ¢t (+1)i0
® 1+0=1:8"— 8 s (1+0)0
® —1+1=0:8"— St e s =140

For any general space X we can define an infinite family of homotopy
groups m,(X) = [S™, X], n € N, and two spaces with different homotopy
groups are topologically different. (The converse need not be true)
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Homotopy

o N

The set of all maps from a circle to itself [S!, S1] := 71 (S1) = Z with the
(abelian) group addition being the composition of number of times the
circle is wrapped around itself.

Examples:

® 1+1=2:8— 8t ¢t (+1)i0
® 1+0=1:8"— 8 s (1+0)0
® —1+1=0:8"— St e s =140

For any general space X we can define an infinite family of homotopy
groups m,(X) = [S™, X], n € N, and two spaces with different homotopy
groups are topologically different. (The converse need not be true)

Any map between spaces f : X — Y induces a homomorphism
fie (X)) — m,(Y) for each n € N. Homotopy is a covariant functor.

|
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K (G, n) with the property that 7,,, (K(G,n)) = {

-

or any group GG we can define a family of Eilenberg-Mac Lane spaces
G, m=n
0, m#n

The (reduced) integral cohomology groups of a space X can be defined
as H"(X) = [X, K(Z,n)]

They can also be defined combinatorially for a triangulable space via the

homology H"(X) = Ker d,, / Im d,,_; of the cochain complex

— CnL(X) T o (X) I on (X)) —

where C"(X) = Hom(C, (X), Z). (For non-triangulable spaces use a
singular chain complex)
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Cohomology
|

K (G, n) with the property that 7,,, (K(G,n)) = {

or any group GG we can define a family of Eilenberg-Mac Lane spaces T
G, m=n

0, m#n

The (reduced) integral cohomology groups of a space X can be defined
as H"(X) = [X, K(Z,n)]

They can also be defined combinatorially for a triangulable space via the

homology H"(X) = Ker d,, / Im d,,_; of the cochain complex

— CnL(X) T o (X) I on (X)) —

where C"(X) = Hom(C, (X), Z). (For non-triangulable spaces use a
singular chain complex)

Unlike homotopy and homology, any map between spaces f: X — Y
iInduces a homomorphism f*: H™(Y) — H"(X) for each n € N.
LCohomology IS a contravariant functor. J
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What’sthe point?
-

Many geometrical problems can be formulated as lifting or extension
problems.

X X

7 |

-~ Y

y < 4 A A 4 Y
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What’sthe point?

Many geometrical problems can be formulated as lifting or extension
problems.

X X

7 |

/// i /

-~ Y

y = 4 A A 4 Y

These can now be reformulated as a more tractible algebraic problem

H"™(X) H"(X)

7 A

= T / :
H™"(Y) <— H™(A) H"(A) —— H"(Y)

-

|
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Give us an example!
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fBrouwer’s. fixed point theorem (1910) asserts that for any continuous
function f : D3 — D3 there is a point z with f(z) = @
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Give us an example!

fBrouwer’s fixed point theorem (1910) asserts that for any continuous T
function f : D3 — D3 there is a point z with f(z) = @

The proof in two dimensions is the same. If there were no point such that
f(x) = z then define a new function g(x) as taking z to the point of

intersection of the line through = and f(x) and the unit circle
f(x

g (x) "X =g (X) g (x)
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Give us an example!
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fBrouwer’s fixed point theorem (1910) asserts that for any continuous
function f : D3 — D3 there is a point z with f(z) = @

The proof in two dimensions is the same. If there were no point such that
f(x) = z then define a new function g(x) as taking z to the point of

intersection of the line through = and f(x) and the unit circle
f(x

g (x) "X =g (x) g (X)

The image of ¢ is S and we include S* into D? by i : S — D>,
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Give us an example!

-

fBrouwer’s fixed point theorem (1910) asserts that for any continuous
function f : D3 — D3 there is a point z with f(z) = @

The proof in two dimensions is the same. If there were no point such that
f(x) = z then define a new function g(x) as taking z to the point of
intersection of the line through = and f(x) and the unit circle

. .X g (x) ®

The image of ¢ is S and we include S* into D? by i : S — D>,
Then goi =141 and we have D2

B ) B

Sl
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aking the (n = 1) cohomology of this diagram gives
H(D?)

HY(S") <—— H'(5")
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aking the (n = 1) cohomology of this diagram gives
H(D?)

HY(S") <—— H'(5")

Since S!' = K(Z,1) and D? is contractible we have

0
S
Z 7

But the identity on Z cannot factor through 0 so this diagram is not
possible.
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aking the (n = 1) cohomology of this diagram gives
H(D?)

HY(S") <—— H'(5")

Since S!' = K(Z,1) and D? is contractible we have

0
S
Z 7

But the identity on Z cannot factor through 0 so this diagram is not
possible.

Hence the assumption that, for every x in the disc, x # f(x) cannot be
Ltrue, so any f : D? — D? must have a fixed point. J

—-p. 8/17



Conseguences of Brouwer’stheorem
-

f\lohn Von Neumann (1928-1937) used the fixed point theorem to show the
existence of saddle points

$» “minimax” solution to two-agent games

® Dbalanced growth equilibrium for an expanding economy
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f\lohn Von Neumann (1928-1937) used the fixed point theorem to show the
existence of saddle points

$» “minimax” solution to two-agent games

® Dbalanced growth equilibrium for an expanding economy

Combined with the fact that the antipodal map is not (homotopy)
equivalent to the identity on even dimensional spheres, one gets the “hairy
ball theorem” (try a google search!). Any tangential vector field on an even
dimensional sphere has at least one zero.
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Conseguences of Brouwer’stheorem

fJohn Von Neumann (1928-1937) used the fixed point theorem to show theT
existence of saddle points

$» “minimax” solution to two-agent games

® Dbalanced growth equilibrium for an expanding economy

Combined with the fact that the antipodal map is not (homotopy)
equivalent to the identity on even dimensional spheres, one gets the “hairy
ball theorem” (try a google search!). Any tangential vector field on an even
dimensional sphere has at least one zero.

® you can’'t comb a tennis ball without a part or crown (can comb a
circle or torus)

® at any point in time there is a cyclone somewhere in the world
(though the strength is not determined)

\— ® there is always a point on the sun’s surface from which no light is J
emitted (doesn’t shine everywhere) -p.on7
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coll-algebras

| -
Because the integers form a ring, there is an operation on this graded

group called the cup product U : H"(X) ® H™(X) — H"™™(X) which

makes ({H"(X) | n € N},U) a graded ring

or any space X we have the graded group {H"(X) | n € N}
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|7For any space X we have the graded group {H"(X) | n € N}

Because the integers form a ring, there is an operation on this graded
group called the cup product U : H"(X) ® H™(X) — H"™™(X) which
makes ({H"(X) | n € N},U) a graded ring

® 5%2v StvStand T? have the same cohomology groups but different
cohomology rings. (Also CP? and S? v §%)

There are two other types of operation called composition and cross-cap
products. The object H*(X) consisting of the cohomology groups
together with the three operations is a coll-algebra.
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coll-algebras

| -
Because the integers form a ring, there is an operation on this graded

group called the cup product U : H"(X) ® H™(X) — H"™™(X) which

makes ({H"(X) | n € N},U) a graded ring

or any space X we have the graded group {H"(X) | n € N}

® 5%2v StvStand T? have the same cohomology groups but different
cohomology rings. (Also CP? and S? v §%)

There are two other types of operation called composition and cross-cap
products. The object H*(X) consisting of the cohomology groups
together with the three operations is a coll-algebra.

The more we know about the structure of H*(X), the more tractible the
algebraic problems become hence we’re more able to solve geometrical
problems.

o |

—p. 1017



Gap in our mathematical knowledge

-

In order to get a complete, explicit description of coll-algebras we need to
know the relations between the three different types of operation.

o |

—p. 11/17



Gap in our mathematical knowledge

-

In order to get a complete, explicit description of coll-algebras we need to
know the relations between the three different types of operation.

This was achieved (1990’s) for 1I-algebras; the homotopy groups of a
space together with the operations of Whitehead product, action of the

fundamental group and compositions

o |

—p. 11/17



Gap in our mathematical knowledge

In order to get a complete, explicit description of coll-algebras we need to
know the relations between the three different types of operation.

This was achieved (1990’s) for 1I-algebras; the homotopy groups of a
space together with the operations of Whitehead product, action of the

fundamental group and compositions

This has also been achieved for conomology with coefficients in a field

o |

—p. 11/17



Gap in our mathematical knowledge

-

In order to get a complete, explicit description of coll-algebras we need to
know the relations between the three different types of operation.

This was achieved (1990’s) for 1I-algebras; the homotopy groups of a
space together with the operations of Whitehead product, action of the
fundamental group and compositions

This has also been achieved for conomology with coefficients in a field
Relations on the integral operations have eluded explicit formulation

except for (can be given implicitly as a functor)

(r4+y)oz = (roz)+(yoz)
and (rUy)oz = (zoz)U(yoz)

and bilinearity and anticommutivity of cup product

o |

—p. 11/17



Wish list
E

or starters, we/l would like to know

zo(x+y) = 7 hard (or impossible)

and zo(xUy) = 7 very hard
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of cross-cap products (first defined 2005) not too bad
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Wisn list

|7For starters, we/l would like to know T
zo(x+y) = 7 hard (or impossible)
and zo(xUy) = 7 very hard

We/l would like to know about the linearity, associativity and commutativity
of cross-cap products (first defined 2005) not too bad

Can the integral coll-algebra be assembled from the cohomology

algebras with coefficients in finite fields (pull back over the rationals)? very
hard

Can the Kilnneth formula be extended to coll-algebras by taking cofree
resolutions of H*(Z,n)? hard

If any of the above are acheived: To what problems could this new
Lknowledge be applied? J
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Sometimes a good start is to look for examples.

The coll-algebras of the Eilenberg-Mac Lane spaces are free objects in
the category of coll-algebras. This means that the groups H™(Z,n)
provide a ‘litmus’ test for relations.
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Recent results

| . -
The coll-algebras of the Eilenberg-Mac Lane spaces are free objects in
the category of coll-algebras. This means that the groups H™(Z,n)

provide a ‘litmus’ test for relations.

ometimes a good start is to look for examples.

Apart from K(Z,1) = S! the K(Z,n) are infinite dimensional so any direct
calculation is impractical.

There is a fibration (short exact sequence of spaces)
K(Z,n—-1)=2QK(Z,n) — PK(Z,n) — K(Z,n)

For any fibration ' — E — B there is the Leray-Serre spectral sequence
EY = HP(B; HA(F)) = H*(E)

For Eilenberg-Mac lane spaces this spectral sequence is
EYY = HY(Z,n—1)® H?(Z,n) = 0, p,q#0 and E% =7

o |
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As much fun asyou can have

-

fThe third page of the spectral sequence for K(7Z, 3) is identical to the
second and starts off

Having calculated H™(Z,n) we use those groups to calculate
H™(Z,n+1)
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As much fun asyou can have

fThe third page of the spectral sequence for K(7Z, 3) is identical to the T
second and starts off

Having calculated H™(Z,n) we use those groups to calculate
H™(Z,n+1)

The cup product structure is implicit in the spectral sequence but many
techniques (incuding the known relations, stability and later calculated
groups) are necessary to determine the other generators
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Tableof H"(Z,n)

T

m
13| 0 7./2(bd) @ZZ// Zﬁ;m 7201 g) 7.)2(q) 0
12 | Z{a%) | Z/2(b*) ® Z/5(e) Z{f3) 7./2{m) Z{n?)
11| 0 7./3(bc) Z/%f9) 0 2201
© Z/2(?) © Z/3{p)

10 | Z(a®) 7,)2(d) 0 7)2(k%) ® Z./3(1)
9 0 7,)2(b%) 7/3(h) 0
8 | Z{(a*) Z/3(c) Z(f?)
7 0 0 Z/2(g) (r)
6 | Z(a®) 7,)2(b%) (n)
5 0 0 (k)
4 | Z{a?) (f)
3 0 (b)
2 Z{a)

2 3 4 5 6 7

- p. 15
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here are no compositions and no cross-cap products shown

The summand of Z/2(?) can be calculated (very tedious) using
Kochmann’s module over the stable operations structure theorem
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Some surprising results
B

For the most part this is because they are trivial with the exception of
po (bUb) =0, or bc, or 2be.

here are no compositions and no cross-cap products shown

The summand of Z/2(?) can be calculated (very tedious) using
Kochmann’s module over the stable operations structure theorem

In contrast to the cohomology algebras over the finite fields

® The product bU b U c in the group H'*(Z,4) is trivial (relation)

Question: Why does Cartan’s ‘method of constructions’ fail to work
for integral cohomology?

® There is more than one stable operation (of differing order) given in
H(Z,6)

o |

—p.16/17



Conclusions



Conclusions

-

A complex problem to formulate these unknown relations and a table of
examples helps little in seeing what they are
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| have previously made some headway on z o (x 4+ y) =7 and this would be
a very valuable result
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Conclusions

-

A complex problem to formulate these unknown relations and a table of
examples helps little in seeing what they are

| have previously made some headway on z o (x 4+ y) =7 and this would be
a very valuable result

There are many sub-studies amongst this general framework
® linearity, commutativity of cross-cap products - Honours level

® extending the table of cohomology groups of Eilenberg-MacLane
spaces - Masters level

® Formulating relations or significant progress towards their formulation
- PhD level

o |
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