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INTRODUCTION:The homotopy groups of a spa
e, X, together with the primary homotopy operationson them is 
alled the homotopy �-algebra of X and is denoted ��(X). For ea
h X,we 
an 
onstru
t a simpli
ial spa
e that realizes a free simpli
ial resolution of ��(X).We 
an des
ribe an abstra
t �-algebra as a 
olle
tion of groups with operationssatisfying the properties of homotopy operations. An abstra
t �-algebra 
an berealized as the homotopy �-algebra of a spa
e if there is a simpli
ial spa
e realizingit's free resolution. This allows for 
lassi�
ation of homotopy type by �-algebra andsome additional property that ensures that the free resolution of that �-algebra 
anbe realized by a simpli
ial spa
e. This property 
an be given by \a 
ertain sequen
eof higher homotopy operations", [B1℄, or by �-algebra and 
ertain \k-invariants",[B2℄, or by the properties of the moduli spa
e over the �-algebra, [BDG℄.
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ABSTRACT �-ALGEBRAS:For any operation � : �n(X) � �m(X) �! �p(X) we 
an de�ne an operation~� : �n�1(
X)� �m�1(
X) �! �p�1(
X) using the adjun
tion of 
 and �. Thuswe 
an indu
e a �-algebra stru
ture on the homotopy groups of 
X that is realizedby the spa
e X. This �-algebra is denoted ���1(
X). It's Lie ring stru
ture is givenby the Samelson produ
t. On the other hand, the homotopy �-algebra, ��(
X), willhave no Lie ring stru
ture sin
e 
 annihilates Whitehead produ
t and 
ompositionoperations will be given by stable maps only. This is be
ause f�f = f and hen
e inthe diagram below g�i+1 = �i. We 
an also de�ne all operations to be trivial andgive the trivial �-algebra on the homotopy groups of 
X whi
h will be realized by ageneralised Eilenberg-Ma
Lane spa
e.

ABSTRACT: The homotopy �-algebra of a pointed topologi
al spa
e, X, 
onsists of the homotopygroups of X together with the additional stru
ture of the primary homotopy operations. We extendtwo well known results for homotopy groups to homotopy �-algebras and look at some examplesillustrating the depth of stru
ture on homotopy groups; from graded group to graded Lie ring, to�-algebra and beyond. We also des
ribe an abstra
t �-algebra and give three abstra
t �-algebrastru
tures on the homotopy groups of the loop spa
e of X whi
h 
an be realized as the homotopy�-algebras of three di�erent spa
es.

�-ALGEBRAS:The homotopy operations are generated by Whitehead produ
ts, 
ompositionsand the a
tion of the fundamental group. These operations, as well as the groupadditions, are indu
ed from universal examples that represent 
lasses of maps betweenwedges of spheres. Thus, we 
an also de�ne a �-algebra as a 
ontravariant fun
torZ : � �! SET � sending 
oprodu
ts to produ
ts, where � is the 
ategory of �nitewedges of spheres and 
lasses of maps between them. In the parti
ular 
ase of thehomotopy �-algebra of X, this fun
tor is [ ; X℄, assigning to ea
h obje
t of � theset of homotopy 
lasses of maps from it into X.In the diagram above, the universal examples for Whitehead produ
t and thea
tion of the fundamental group are denoted ! and � . The universal example for a
omposition is any representing map of an element in �m(Sn). The 
omultipli
ationon the n-sphere is denoted �n. Observe that 
ompatability of operations is impli
it inthe 
ategory � . Spe
i�
ally, �2f =< 1; 1 > (f _ f _ !)(�3 _ h0(f))�3 is a statementof Hilton's formula (x+ y)f = xf + yf + [x; y℄h0(f).
EXAMPLES:By taking the nth Postnikov se
tion of a simply 
onne
ted spa
e we 
an trun
ate the�-algebra at dimension n and dismiss the a
tion of the fundamental group. De�ningthe produ
t of �-algebras as the dire
t sum of their underlying abelian groupswith operations a
ting 
omponentwise, we show that ��(X � Y ) �= ��(X) u ��(Y )and hen
e we 
an 
onstru
t generalised Eilenberg-Ma
Lane spa
es with any desiredhomotopy groups and a trivial primary operation stru
ture. This is 
alled a trivial�-algebra. With referen
e to the 
lassi�
ation problem, we note that (C P 2)[5℄ hasthe same trivial �-algebra as a generalised Eilenberg-Ma
Lane spa
e. However,these spa
es are not homotopy equivalent sin
e there is a non-trivial se
ondaryWhitehead produ
t operation on the homotopy groups of (C P 2)[5℄ whi
h is trivial onthe homotopy groups of the generalised Eilenberg-Ma
Lane spa
e.In the examples below, K is the generalised Eilenberg-Ma
Lane spa
e giving thetrivial �-algebra on the homotopy groups of a spa
e X, and �i = �i�2�2 is thesuspended Hopf map. We display only the generating 
ompositions, [T℄.
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